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The two-dimensional wave equation in eiiipticai
coordinates is being studied. Assuming a sinusoidal time-
dependence, the Helmholtz equation is obtained. In solving
the Helmholtz equation by the method of separation of
variables, we find that the angular equation and the radial
equation are both of the same type.They are called the
Mathieu equations. The periodic solutions are called the
Mathieu functions. They can be written as an infinite
series of the trigonometrical functions with the
coefficients satisfy a three terms recursive relations.
Moreover, we find that the solution for the radial Mathieu
equation can be represented by an infinite series of the
Bessel functions. In using these results, the vibration of
an elliptical membrane are studied and some of the
eigenvalues are calculated by using the computer. They are




We are familiar with the problem of the vibration of a
membrane if it is circular in shape. It is then natural to
ask the question what will happen when the boundary changes
to an elliptical one. Thus we have to study the two-
dimensional wave equation in elliptical coordinates. In the
late 19th Century, some Mathematicians have tackled this
problem but not thoroughly. They used the method of
separation of..variables to get the radial equation and the
angular equation. These two equations can be transformed
into the same form and are called the Mathieu equations. It
seems to be easy in finding the solution and the
eigenvalues, but it is not. The difficulty arises because
the two separate constants do not separate. That is the
Mathieu equation involves both separate constants, instead
of one as in the case of the circular membrane. The setting
up of, a series, of eigenfunctions to satisfy the boundary
condition will involve solving two simultaneous equations
for the two eigenvalues for each term in 'the series. These
two equations for the two eigenvalues are very complicated.
One is an infinite series and the other is a continue
fraction. Hence exact solution cannot be found. Only
extreme cases, for example when the boundary tends very
closely to circular in shape, can be approximately solved.
2Nowadays, we can use the comuter to help us to reexamine




2.1 Wave Equation in Two Dimensions
Consider the two dimensional wave equation:
(2.1)
where is the gradient operator
is the velocity of the wave
Assuming the spatial part and the time part are
independent, we can write
Substitute into Eauation (2.1)
Since both sides involve only one variable, they must
be equal to a constant. Let the constant be -k.
Then the spatial equation becomes
which is generally called the Helmholtz equation. And the
time equation becomes
In solving, one gets
i.e. it has a sinusoidal time dependent property.
2.2 Relation between the rectangular coordinates and the
Let A, B be the foci of the
ellipse with coordinates (a,0)
and (-a.0)cn resoectivelv.
Also let P be an arbitra
point on the ellipse with an
distance of from A and
rB. frnm B.
Definition of the ellipse coordinates (3,1),
(2.2)
(2.3)
From the diagram,we have,by pythagarus Thpnrpm
Solvina x and y from the above eguations,
Eliminating and respectively from the above two
equations, we get
As can be seen from these two eguations,when is a
constant, Equation (2.4) represents an ellipse. When is a
constant. Equation(2.5) rcnroscnts a hvoerbola. Thpv have
3the same foci at points A. B.
Since
and
from Equation (2.2) and (2.3),
These are the ranges or) ana •t.
Another set of elliptical coordinates are represented
by .u, v. Their relation with, rl are as follows,
Their ranges are,
Thus the transformation between the rectangular
nnrnatP and the elliptical coordinates are
aCoshuCos%
aSinhuSinv
2.3 Helmholtz equation in elliptical coordinates
The two dimensional Helmholtz equation in rectangular
coordinates,
In order to get the two dimensional Helmholtz equation
in elliptical coordinates, we must find out in that




5Now, making use the transformation formulae Dewceen Li1C
rectangular and the elliptical coordinates,
x a cosn u cos v
y= a sinh u sin. v
which can be written as
(2.6)
(2.7)
by using the two sample LULILIUlc1C,
sinz+ cost= 1
-sinh2+ cosh2= 1
by partiallythen we can obtain
differentiating Equations (2.6) and (2.7) implicitly.
The results are as follows,
Hence
and
Thus the differential operator becomes,
So the Helmholtz equation J.n the elliptical
coordinate is,
1C hapter3
T ne ihatnieu1 g U d L 1 ULI
3 . 1 S eparationof V ariables
I n solving the H elmholtz equation in elliptical
coordinates, we use the method of seperation of variables .
T he H elmholtzequation, '
( 3 . 1 )
L et the solution be in the form
( u , v ) = F ( u ) G ( v )
S ubstitutingback into E quation ( 3 . 1 ) and dividing by
S ince both sides are of different variables , if they
are equal , each side must be equal to a constant. L et b be
that constant and h = ak for convenience.
A fter rearranging, we get the following two equations ,
( 3 . 2 )
( 3 . 3
L et u = iv and put back into zquation 3 . i ,
2{ cosh iv= cos v}
which is of the same form as Equation (3.3).
Thus Equation (3.2) and Equation (3.3) are of the same
type and they are called the Mathieu Equations.
3.2 Some general properties of the solution
Consider the more general equation,
(3.4)
where H(8) is a periodic function with periodcj.
Let y-j (0) and y2(3) be its two solutions which satisfty
the following initial conditions,
(3.5)
Substitute y- (Q) and y2 (0) in turn into Equation (3.4)
(3.6)
(3.7)
Multiply Equation '(3.6) by y2 (0) and Equation (3.7) by
y(9) and then subtract,
(3.8)
where C is a constant.




and are linearly independent and can be
chosen as the fundamental solution of Equation (3.4).
Since H (0) is of period w, so y1(a+w) and y2(G+w) are
also solutions. We can write them in terms of the two
fundamental solution,




I f H (E)) is an even function, then it can be seen from
Equation (3.4) that yl(-£) and y2(-G) are also solution. We
have,
In usinq the initial condition,
(3.12)Thus
(3.13)
Hence when H(O) is an even periodic function and under
the initial condition (3.5), yl (O) is an even function
whereas y7(U) is an odd one. As a result, Equation (3.4)
cannot simultaneously has two linearly independent ever
solution or two linearly independent odd solution.
Substitute Co into Equation (3.12) and (3.13), and then
substitute Equation (3.12) and (3.13) into Equation (3.10)
and( 3.1.1),
Replace 6 by w in Equation (3.12) and (3.13) (the





then from Equation (3.15), we obtain
(3;16)
then from Equation (3.14), we obtain
Substitute this result into Equation (3.9),
Thus Equation (3.15) is also valid.
As a whole, if y(0) and Y2 (0) are the two fundamental
solutions of Equation (3.4) which satisfy the initial
condition (3.5), then one is an even function while the
order is odd provided H(6) is an even periodic function.
3.3 Floquet's solution
If the solution of the equati
(3.17)
has the followina relatior
(3.18)
where w is the periodic of U (3) and (5) is a constant
independent of Q, then y(0) is known as the Floqueth
solution.
Let (3.19)
where y1 (0) and y2 (0) ate the two fundamental solution
as introduced in the previous sect ion.
Substitute 0 by w in Equation (3.19) and also into its
first derivative,
(3.20)
Using the initial condition and Equation (3.18)
(3.22)
Equating Equation (3.20) with Equation (3.22) and
Eauation (3.21) with Eauation (3.23).
(3.24)
A and B will have non-zero solution if and only if
Solving





If H (0) is an even function, then from Equation (3.16)
Hence
(3.26)
V is called the characteristic index.
In substituting the corresponding xi back into Equation
(3.24) and (3.25), we can solve out a set of A and B. Thus
from Equation (3.19), we can find out the Floquet's
solution.
The Floquet's solution can be always written in the
following form.
(3.27)
where u(0) is a periodic function of period w as shown
below,
When w= 7,from Equation(3.26), we find that if{. is a
characteristic index, then 2k (k= 0, +1, _+2,)
are also characteristic index. Moreover, only if F, is an
integer, then the Floquet's solution is of period or 2 v
The period is for fk is even and it is 2 for F, is odd.
3.4 Properties of The Periodic Solution of The Mathieu Equation
The Mathieu equation,
(3.28)
Let y1(0) and y2(6) be its two fundamental solution.






In order that the Mathieu equation to have periodic
solution. V must be an integer. Thus






From Equation (3.29), (3.30) and in using
Equation(3.32), (3.33), we get,
Thusy1 (0) is of period But y2(0) is not a
periodic function
(ii)
From Equation (3. 2 9), (3.30) and in usin
Equation (3.32), (3.33), we get,
Thus y2(0) is of period or 2 .But. y (0) is notan
periodic funtion.
(iii)
y1(0) and y2(0) will simultaneously be of period' or
2. This condition only occurs at h= 0 and will be shown
later.
3.5 The Continuous Fractions
By the Floquet's theorem, the solution of the Mathieu
equation can be written in the following form,
where u(6) is a periodic function in 6 with period.
In making the transformation
the function
is analytic thoughout the t-plane except the p o i n t t- 0.
Thus it can be expanded in a Laurent series,
Transformating back to the variable G,
Hence,
(3.34)
Since the inner radius of the Laurent series can
approach zero infinitely and the outer radius can be
infinitely large, by the Hadamand formula,
the radius of convergence:
Hence
Substitute y (0) into the Mathieu equation,
we get,
The above eauation becomes.
(3.35)
which is the recursive formula of the coefficients.
t h e n
rP hi q n i we q
Thus the corresponding fundamental solution are g
Moreover, due to the periodicity of t
( m= 1, 2, 3,)
Hence for q= 0, the fundamental solution are oil m e
or they can be written as Sin mG and Cos m© .This gives
an answer to the case(iii) in the previous section.
we have an equation for the coefficients,
13
(3.36)
This continous fraction is convergent as shown below.
When k is positive and large,
as k is large
represent the 2nd and 4th orderandwhere
smallness in k.
Similarly, when k is negative,
(3:37)
When k is large,
as k is large.
14
3.6 Formulae for the calculation of the eigenval..ues
From I,quation(3.36), (3.37),
Replacing k by k-1 in Equation (3.39),
From Equation (3.38),
Comparing Equation (3.40) and (3.41), we see that for
any value of k( k=O.+1.+2....), we have,
In substituting back the value of I)k,
(i) is even, period is
putting =0 into Eguation(3.42).Tf both sides
are finite, i.e.co=o then
If both sides are infinite, i.e. co= 0, then from
Equation(3.40),
Equation (3.43)and (3.44) are correct for every even
integer .It is because if V =2n, then we can take k= -n in
Equation(3.42) to get back equation(3.43) and (3.44).
We use a2n( q) to indicate the eigenvalue )(q)
calculated from Equation(3.43), which satisfies the
2
condition a2n(0)=(2n)2. Moreover, we use b2n(g) to
indicate that calculated from Equation(3.44), which
2
satiesfies the condition k2n(0)= (2n). The reason why we
use these conditions for a 2n(q) and b 2n(q) is the
following,
When q= 0, the Mathieu equation reduces tc
The eiqnevalue A has the values:
From Equation (3.43), we can deduce an equation to
calculate a2n(q) more conveniently. From Equation(3.43),
Continuinq this process, then finally we get
This is the formula for the calculation of A =a (q)
(n= 1,2,3,).
Similarly from Equation(3.44), we have the formula for
the calculation of =b2
(ii) is odd,period is 2
Putting =o1,k=0 in Equation (3.42)
For the positive sign,
For the neaative sign,
These two formulae are satisfied for every odd
integer V .It is because if V=2n+ l,then we can take k= -n
in Equation(3.42) to get back Equation( 3.47) and (3.48).
We use a2n+1(q) to indicate the eigenvalue A(q)
calculated from Equation (3.4 7), which satiesfies the
condition a2n+l(0)= (2n+l)2. Furthermore, we use b2n+1(q)
to indicate that calculated from Equation(3.48), which
2
satisfies the condition t2n+]_(0)= (2n+l).
From Equation(3.47),
Continuing this process, finally we have
This is the formula for the calculation of a2n+(q).
Similarly, from Equation (3.48), we have the formula
for the calculation of k2n+i(q)r
The Mathieu Function
4.1 Solution for the Angular Equation
We can write the solution of the Mathieu equation into
four types: Ce2n(61,q), Se2n(0,q), Ce2n+ 1(,q), and
Se2n-i-l' They are called the Mathieu functions.
Ce2n( (9 q) and Se2n (0, q) are of period q and their
corresponding eigenvalues are a 2( q) and b2n (q)
respectively. Whereas Ce2n+1(G,q) and Se2n+1(e,q) are of
period 2 and their corresponding eigenvalues are a2+ (q)
and h2n+ 1(q) respectively, where n= 0, 1, 2, Their





where are functions of
These Mathieu functions have two types of





The other one is to mak
We are now going to show that' the solution of the
Mathieu equation can written in the form as shown by
Equation(4.1) to Equation(4.4).
(I) For period, v is even.
If the eigenvalues A (q) are obtained from a 2 n (cl) in
the previous section, then from Equa t ion (3.38), let J= 2n,
k= -n, we have,
Thus if q f 0, c_n f 0.
From Equation (3. 39), let))= 2n, k= -n+ l,„ we have,
In comparing these two equations,




From Equation (3.35), let
respectively, we have
Thus by Mathematical Induction, c_n+k+l= c-n-k-i s





Hence we have proved Equation(4.1).
Similarly, if the eigenvalues (q) are obtained from
Equation (3.46), then from Equation (3.40), let P= 2n, k= -n,
we have,
Using Equation(3.44), we get c-n= 0.
From Equation(3.35), we have,
Also from Equation (3.35), let: 2n n
respectively,
Now in assuminc
we have to prove
From Eauation (3.35), let = 2n, k= -np respectively
Thus by Mathematical Induction is
true for all k. We use to represent
corresponding solution.
From Equation(3.34)
Hence we qet Equation(4.2
(II) For period 2 i, V is odd
If the eigenvalues)(q) are obtained from E qua t i on (3. 4 9
Then from Equation(3.38), let- 2n+l, k= -n,
Using Equation(3.47), we get c_n= c_n_1.




From Equation (3.35), let nrl
respectively,
Thus by Mathematcical Induction.
true for a11 values of k. We use Co to represent
the corresponding solution
From Eauation(3.35)
et s = n+k
Hence we aet Eauation(4.3)
Similarly, if the eigenvalues A(q) are obtained from
Equation(3.5),then from Eguation (3.4).let 2n+1, k=-n,
we get.
Using Equation(3.48),
From Eauation(3.35), let and
respectively, we have
Now in assuming
we have to prove
From Equation (3.35)
rpsopctivelv,
Thus by Mathematical Inductioi
true for all values of k.Weuse to represent
the corresponding solution
From Eauation(3.34),
Hence Equation(4.4) is proved.
As a whole, we have shown that the solution of the
Mathieu equation
has four different types and can be represented by the
Mathieu functions,
They have the corresponding eigenvalues a9n(q), b2n(q)
a2n+ 1(q)' an 2n+ l(q) which can be calculated froi
Equation(3.45), (3.46), (3.49) and (3.50) respectively.
4.2 Solution for The Radial Equation




by putting z= CosC.
By the Laplace transformation,
Equation(4.9) becomes,
In order that the form of Equation (4.10) comes as close
as possible to that of Equation(4.9), we change the scale




then f(t) satisfies the differential equation which is just
the same as Equation(4.9). i.e.
Consequently, if f(t) is a solution of the Mathieu
equation, then another solution of the same equation is
given by
(4.11)
If the constant A and the .limits of integration are
chosen properly, then f(t) can be set equal to (z) anc
we have an integral equation for (z).
Since we have seen that
is a solution of the Mat hie u equation, we can use
equation(4.11) to find another solution. Let t= Cos©
We use the symbol Je2m(h,z) to represent this (z)
Hence,
In order to have a simple asymptotic property, we
choose
Thus
This is shown below,
Using the asymptotic behaviour of the Bessel function.
i.e.
Similarly, for the other even solution
using Equation(4.11),
We use to reoresent this 4; (z) and choose
in order that its asymptotic behaviour is
Hence,
For the odd Mathieu functions Son]f we cannot use the
same integral equation, for the integral over the sine
series is zero.
Corresponding to the odd Mathieu functions Som, we
claim that the solution in terms of the Bess el functions
can be written in the form
which corresponds to So0rn(h,Cos 6), and
which corresponds to So9, (h,Cos$)
These two equations can be checked by direct
substituting into the Mathieu equation to see whether they
give the same recursive relations of the coefficients or
not as those of So2m and S o 2 m+]. These would be shown in
the appendice.
J02m and Jo2lT1+]_ have the same simple asymptotic
behaviour as Je2ra and Je2m+p as shown below,
Similarly, the asymptotic form of Jo2m+(h,z) is
The Bessel functions are solution for the radial
equation in the polar coordinates, so we claimed that the
Je, Jom are solutions for the radial equation in the
elliptical coordinates, z is now replaced by Cosh in Jem
and Jo since z is equal to Cosho in the radial equation.
Similarly, for the polar coordinates, we can construct
a second solution for the radial equation by replacing the
Bessel function by the Neumann function. They are
represented by Nem, Nom as follows,
Moreover, since the Jem and Nem are obtained from Sem
while the J o m and Nom are.obtained from S o m, hence if the
Sem, Som are solutions of the angular equation, then the
Jem, Nem and Jom, Nom are the corresponding solutions of
the radial equation respectively.
Consequently, for the two-dimensional wave equation in
the elliptical coordinates, corresponding to the particular
eigenvalues bem(h), we have the eigenfuncti
Sem(hCos+) [AJem (h f Cosh)+ BNem (h, Cosh-)]
while corresponding to the eigenvalues bom(h), we have the
other eigenfunction
Som(h,Cos4) [C Jom (h ,Coslyv)+ DNom (h, Coslry,)].
Vibration of The Elliptical Membrane
5.1 Theroy
We now consider the
vibrations of an elliptical
membrane with foci at (a,0)
and (-a,0), and boundary atyA=y0
From the Helmholtz equation
in the elliptical coordinates
( x= aCosfCoshu, y= aSin|sinhyU)
by the method of separation of variables, let
we obtain the two equations,
wherhpnd b are separation constants ,andhka= wac-2iTVac.
The boundary condition for £(f) 'is that it is periodic
with of period 7 or 21.The boundary condition for M (j,)
is that it is finite and continues at= 0 and that it be
zero at v i.e. M( m= mJ= 0.
The solution for the angular equation is of four types
as follows,
(i) even, period, eigenvalues be2m(h)
with eigenvalue equation
(ii) even, period 2, eigenvalues be2m+1 (h)
with eigenvalue equation
(iii) odd, periods, eigenvalues bo2m(h)
with eigenvalue equation
(iv) odd, period 2, eigenvalues kc2nH-l (h)
with eigenvalue equation





We reject N e m and N o m, because they have c
discontinuity in value at A1-= 0.
On imposing the boundary condition M(= iv)= 0, wi





From these four equations and their corresponding
eigenvalue equations, we can find out the separation
constants. Hence, the frequencies of the elliptical
membrane can be solved.












Due to the complexity of the four sets of equations, it
is impossible to solve out h and b explicity as in the case
of the circular membrane. Hence the computer is used to
solve these four sets of equations.
The first set of equations is chosen as an example to
explain how to splve the values of h and b. Firstly, for a
fixed y„ we must find out what ranges do h and b lies
within. To do this,we try to elliminate one variable from
one equation under a special condition and then solve the
other variable.
This special condition is that when Coshy is large,
Solotin of tr
the radial equation approaches to
On imposing the boundary condition
Hence hmn can be solved from the above equation.
Now consider the eigenvalue equation when h(or q) is
small enough, we get the 1st order approximation of A:
Substitute this result into the eigenvalue equation, we
obtain the 2 order approximation ofm(q),
(5.13)
It has been shown that when h approaches zero, the
ellipse approaches to a circle. Moreover, for an ellipse,
the eccentricity is given by
where A= aCoslys., B= aSinhp, are the major and minor axes
respectively. Thus,
For Cosh-,. is large enough, e tends to zero, that is
the ellipse approaches to a circle. Hence the conditions
that Coshis large and h is small are the same. In
putting the hmn into equa t ion (5. 13), we can obtain 'mn and
hence bmn.
Consider the case for m= n= 0. Suppose 1QQ and. h'00 are
obtained from the above procedure. We then try the ranges
b'oo-c anc 'oc5'n tie tw0 ori9inal equations. Of course,
the computer is used to manipulate. Since both equations
consist of infinite terms, twenty-five terms in the first
equation and fifty terms in the second equation are used in
the calculation. The two equations are written in the
following form,
Computer programmes are written to solve these
equations (shown in the append ice). The programmes are
written such that if the roots bQO' oo reaHy lie between
the above ranges, then we will have the following result,









Table 1 Table indicating the method how to obtain the
eigenvalues
This table only indicates the sign of the values of
T(h,b) and G(h,b). In each row, the upper set is T(h,b) and
the lower one is G(h,b).
The roots b 0 o' h 0 o must lie between the rectangular
blacket for the two equations changes sign simultaneously.
The ranges( L '00-c5, k'00) and h'oo+ d5' h'o0+2d5) are
therused to repeat the above procedure to find values
closer to b and hOQ. The other values of kmn and hmn can
be done in the same way.
When the value of lowers, the eccentricity e=lCosh.
increases. The shape of the membrane becomes more
elliptical. The frequencies changes and so do the values of
b and h. Other ranges of b and h are tried and the above
procedure is repeated.
In our computation, the values of are set equal to
1,2,5,9 respectively. Their corresponding eccentricity,





2.467810-4 4051.5420 4051 .5419
0.0134 74. 2099 74.2032
0. 2658 3.7621: 3.6268
0.6481 1.5430; 1.1750
Taib_le_2 Values of and their corresponding
eccentricity, major and minor axes
Hence for yw. equal to 9, the membrane is more or les
circular in shape. When the value ofy. lowers, it graduall;
becomes more and more elliptical.
5.3 Data
After manipulated by the computer, the values of bmn
and hmn are obtained for m= 0,1,2,3,4,5, n= 0,1,2,3,4,5
and M„= 2,5,9. They are tabulated in the following pages.
Here, tables which give the values of b and h for
the circular membrane with the major axis of the elliptical
membrane as the radius are also included. They are for the
purpose of comparison.
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Table 8 Eigenvalues of the vibration of the circular membrane with= 2
15.4 Discussion
When is equal to 9, in comparing the values of hmn
and bmn in Table 3 (elliptical membrane) and Table 6
(circular membrane), they are equal up to the fourth
decimal place. This is true since the membrane now tends
to circular in shape. For the case when is equal to 5,
the shape of the membrane is still very close to a circle.
Hence their corresponding values of hmn and bmn are
consistent up to the second or third decimal place. When
is equal to 2, the membrane becomes more elliptical. The
values of hmn and bmn deviate more from that of the
circular membrane with the major axis of the ellipse as the
radius.
For each value of m, n, except m= 0, there are two
sets of hmn and bmn. One set corresponds to the even
angular e'igenfunction and indicated by hemn and bemp. The
other set corresponds to the odd one and-indicated by homn
and homn. By the relation mn= chmn/2 a, 'we can ontain
the frequencies of vibration of the membrane and each term
in the double series of the eigenfunction represents a
natural mode of vibration. Each frequency corresponds to
one mode. When the membrane becomes more circular, i.e. for
larger values of the values of hemn and homn approach
more closely. to each other. This is the characteristic of
the circular membrane. Each of itsifre quencies has two
corresponding modes of vibration, one with Cosm 0 and the
other 'with Sin m 0 as their angular eigenfunctions
respectively, exhibiting a twofold degeneracy. The
exceptions are the cases when m= 0. The disappearance of
this degeneracy in the elliptical membrane is obviously due
to the absence of the circular symmetrv of the membrane.
In using the computer to manipulate the four sets of
eigenvalue equations, twenty-five terms in the first
equation and fifty terms in the second equation of each set
are used. If more terms are used, only the fifth or sixth
decimal place is influenced. The computer langurage,
Fortran, is used to write the programme and double
precision is used to improve the accuracy. Programme A.l is
written to tabulate the output data in a form easier to
investigate. Programme A.2 manipulates the Bessel function
used in Programme A.3. Programme A.3 to A.13 are the main
Droqrammes to calculate the eigenvalues.
When the membrane becomes more elliptical, e.g. when
is equal to 1 or smaller, the eigenvalues are difficult to
obtain, this may be due to some singularities arise in the
continue frations. Nevertheless, the eigenvalues
corresponding to the fundamental frequency'for jjl0= 1 is
obtained and their values are =1.55845, beQ1 =1.21439.
In comparing with that of the circular membrane,
h0i= 1.55849 and bQ1= 0, we find that the deviation is
greater than that for'yU;especially the eigenvalue b.
Hence, the more elliptical the membrane, the deviation of
3the eigenvalues is being greater, and greater between these
two membrane.
15.5 Conclusion
The two-dimensional wave equation in elliptical
coordinates has been studied. The problem about the
vibration of an elliptical membrane has also been
investigated. Due to the complexity of the eigenvalue
equations, the computer is used to manipulate the
eigenvalues. In the extreme case when the membrane tends
very close to circular in shape, the eigenvalues are.of
course consistent with that of the circular membrane. When
the membrane becomes more and more elliptical, the
deviation of the corresponding eigenvalues is being greater
and greater. The degeneracy o.f the frequencies of the
circular membrane also disappears.
Programme





IMPLICIT REAL 8 (A-H, G-Z), INTEGER (I-N)
COMMON BLK 1L.NGRAM
COMMON BLK 2U, M
REA L 8 H, HI, MB, LNGRAM (150), Hl(10), Xl(10)






















DO 10 1=2, 150
LNGRAM(I)= LNGRAM(I-1)+ DLOG[DFLOAT(I-1)
READ (4.100) U, M, HI, HB, BI, BB
WRITE (3,) U, M
WRITE (3,) HI, HB
WRITE (3,) BI, BB
FORMAT [13, 13, 2(2X, D23.16, D23.16)]
PI= 3.141592653589793DO
DO 200 I= 1, 10




DO 300 J= 1, 11
B= BI (J-l)+ BB



















CALL TG(H, B, T, G)
XI(I)= T
X2(I)= G
WRITE (3, 510) B
WRITE (3, 520) [XI (I), I= 1, 10
WRITE (3, 520) [X2(I), 1=1,10
STOP
FORMAT (1H1)
FORMAT (5X, 'B=', D23.16)
FORMAT [IX, 10(D13.5)]
END















IMPLICIT REAL 8 (A-H, 0-Z)
COMMON BLK1 LNGRAM
REAL8 LNGRAM(150)
SUM= DEXP[N DLOG(Z2.ODO)- LNGRAM(N+l)]
DO 20 K= 1, 99
Tl= DLOG(Z2.ODO) (N+ 2 K)- LNGRAM(K+ 1)
- LNGRAM(K+ N+ 1)


































SUBROUTINE TG(H, B, T, G)
IMPLICIT REAL 8 (A-H, 0-Z), INTEGER (I-N)-
COMMON BLK2 U, M
REAL8 H,B,KP(101) ,KN(10l) ,FP(51) ,F( 51) ,D(51)
INTEGER U, M, I, II, N, Nl, J
DO 600 II= 1, 101, 2
I= II- 1
KP (II)={4.0D0B-2.ODOH2-4.ODODFLOAT[ (M+l)2] }h'
DO 610 Nl= 2, 50, 2
N= 52- Nl
FP2= 1/KP(101)
DO 620 II= N, 98, 2






DO 7 00 II= 1, 1.01, 2
I= II -1
KN (II)={4.0D0B-2.ODOH2-4.ODODFLOAT[ (M-I) 2] }h










DO 720 II= N, 98,
















DO 800 J= 5, 51, 2








A= H{ DEXP [DFLOAT (U)]+ DEXP [-DFLOAT (U)]} 2.0D0
T= D (1) BESSEL(0, A)
DO 900 J= 2, 50, 2
T= (-1)J2 D (J+ l) BESSEL (J, A)+ T
RETURN
i T?mh
For programmes in manipulating other eigenvalues, only
I•..
statements from 32 to 36 in programme A.3 are changed.
Hence, only this part of statements of these programmes are
listed below.-






G= KP (1)- FP(3)+ 1.0D0
D (2)= 1.0D0
DO 800 J= 4, 52, 2
D (J)= D(J-2) FP(J-l)






G= KP(1)- FP(3)- 1.0D0
D( 2)= 1.0D0
DO 800 J =4, 52, 2
D (J)= D(J-2) FP(J-l)








DO 800 J= 5, 51, 2
D(J)= D(J-2) FP(J-2)







G= KP (1)- FP( 3)- 2.0D0KN(:
D (1)= (12) F (3)
D( 3)= 1.0D0
DO 800 J= 5, 51, 2
D(J) =D(J-2) FP (J-2)







G= KP (1)- FP( 3)- 1. 0D0[ KN( 3) -I- 1]
D(2)= F(3)
D( 4)= 1.0D0
DO 800 J =6, 52, 2
D (J)= D(J-2) FP(J-3)







G= KP(1)- FP(3)- 1.0D0[KN(3)- 1]
D (2)= F (3.)
D( 4)= 1.0DO
DO 800 J= 6, 52, 2
D (J)= D(J-2) FP(J-3)







G= KP(1)- FP(3)- 1.ODOKN(3)
D( 3)= F( 3)
D(5)= l.ODO
DO 800 J= 7, 51, 2
D(J)= D (J-2) F P(J-4)








G= KP(1)- FP(3)- l.ODO{KN(3)- [2.ODOKN(5)]
D (1)= (12) F (5) (F (3)
D (3)= F( 3)
D(5)= l.ODO
DO 800 J= 7, 51, 2
D(J)= D (J-2) FP (J-4)









D (2)= F (5) F( 3)
D (4)= F (3)
D(6)= l.ODO
DO 800 J= 8, 52, 2
D(J)= D (J-2) FP (J-5)






DO 800 J= 8, 52, 236
37 8 00 D (J)= D (J-2)* FP (J-5)
A Proof of The Function Jo2m(h, Cosh)
'~ V
to be a Solution of
The Mathieu Equation
Firstly, we find out the recursive relation for the
coefficients of the function Jo 2m( h, Cosh).
Formula for the function Jo2m(h, Cosh) is
After differenting,
Differenting once more






Moreover, by the relation
Differenting, we get,
(B. 3)
Substituting Equation (B.3), into the above equation,
Substituting this relation into Equation (B.2),
For n= 1,
where
Secondly, we find out the recursive relation of the
coefficients of the function So2m(h, Cos j3).
S ubstituting





In comparing this set of recursive relatins of
coefficients with that of Jo2m,we notice that they are the
same. Hence, we have shown that the another solution for
the Mathieu equation corresponding to the solution So2m car
also be written in the following form,
Similarly, the function Jo2m+1 (h, CosIiaa) can also be
proved in the same procedure.
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